In this article two point fuzzy boundary value problem is defined under the approach generalized Hukuhara differentiability (gH-differentiability). We research the solution method of the fuzzy boundary problem with the basic solutions Φ (x, λ ) and χ (x, λ ) which are defined by the special procuder. We give operator-theoretical formulation, construct fundamental solutions and investigate some properties of the eigenvalues and corresponding eigenfunctions of the considered fuzzy problem. Then results of the proposed method are illustrated with a numerical example.
Introduction
In this paper we consider the two point fuzzy boundary value problem
which satisfy the conditions a 1 u(a) = a 2 u (a) (1.2)
where a 1 , a 2 , b 1 , b 2 are nonnegative triangular fuzzy numbers, λ > 0 reel number, a 1 + a 2 = 0, b 1 + b 2 = 0 and u(t) fuzzy function. The topic of fuzzy differential equation (FDE) has been rapidly growing in recent years. Many problems such as population, economics, dynamics and physics can be modeled with FDE. The fuzzy boundary value problem depending on the eigenvalue parameter provides benefits in solving these problems. There are many suggestions to define a fuzzy derivative and to study fuzzy differential equation [1, 3, 5, 6, 10, 11, 15] . One of the most well-known definitions of difference and derivative for fuzzy set value functions was given bye Hukuhara in [10] . By using the H-derivative, Kaleva in [14] started to develop a theory for fuzzy differential equations. Many works have been done by several authers in theoretical and applied fields for fuzzy differential equations with the Hukuhara derivative [4, 14] . It soon appeared that the solution of fuzzy differential equation interpreted by Hukuhara derivative has a drawback: it became fuzzier as time goes [3] . So here we use gH-difference and gH-derivative to solve FDE under much less restrictive conditions [11] .
The paper is organized as follows; section 2 introduces the basic concept of fuzzy function spaces, fuzzy Hilbert spaces and fuzzy gH-derivative. In section 3, we define operator formulation of the problem in the adequate fuzzy Hilbert spaces. In section 4, we give a numerical example. In section 5, the results are stated gained through the study of the paper.
Preliminaries
In this section, we give some concepts and results besides the essential notations which will be used throughout the paper.
Let u be a fuzzy subset on R, i.e. a mapping u : R → [0, 1] associating with each real number t its grade of membership u(t).
In this paper, the concept of fuzzy real numbers (fuzzy intervals) is considered in the sense of Xiaoand Zhu which is defined below: Definition 2.1. [2] . A fuzzy subset u on R is called a fuzzy real number (fuzzy intervals), whose α− cut set is denoted by
(N1) There exists r ∈ R such that u(r) = 1.
The set of all fuzzy real numbers (fuzzy intervals) is denoted by F (R). F K (R), the family of fuzzy sets of R whose α− cuts are nonempty compact subsets of R. If u ∈ F (R) and u(t) = 0 whenever t < 0, then u is called a non-negative fuzzy real number and F + (R) denotes the set of all nonnegative fuzzy real numbers. For all u ∈ F + (R) and each α ∈ (0, 1], real number u − α is positive. The fuzzy real number r ∈ F (R) defined by
Definition 2.2.
[3] An arbitrary fuzzy number in the parametric form is represented by an ordered pair of functions 
Then the family [a α , b α ] represents the α−cut sets of a fuzzy real number u ∈ F (R) . Conversely if [a α , b α ], 0 < α ≤ 1, are the α− cut sets of a fuzzy number u ∈ F (R), then the conditions (a), (b) and (c) are satisfied.
Definition 2.4.
[3] For u, v ∈ F (R), and λ ∈ R, the sum u ⊕ v and the product λ u are defined by for all α ∈ [0, 1]
Let L 1 (T ; R) denote the space of Lebesque integrable functions. We denote bye S 1 F the set of all Lebesque integrable selections of
A fuzzy function F : T → F (R) is integrably bounded if there exists an integrable function h such that x ≤ h (t) for all x ∈ F 0 (t). A measurable and integrably bounded fuzzy functions F α : T → F K (R) is said to be integrable over T if there exists F ∈ F (R) such that
For measurable functions f :
where µ (T ) is the Lebesque measure on T and T 0 ⊂ T . Let L p (T ; R) be the Banach space of all measurable functions
we denote the space of all square-integrable fuzzy functions
Definition 2.5.
[9] Let X be a vector space over R . A Felbinfuzzy inner product on X is a mapping ., . : X ×X → F + (R) such that for all vectors x, y, z ∈ X and all r∈ R , have
Remark 2.6. Condition (FIP4) in the above definition is equivalent to the condition for all [9] .The vector space X equipped with a Felbin-fuzzy inner product is called a Felbin-fuzzy inner space. A Felbin-fuzzy inner product on X defines a fuzzy number
A fuzzy Hilbert space is a complete Felbin-fuzzy inner product space with the fuzzy norm defined by (2.4).
Definition 2.8. [10] . Let u, v ∈ F (R). If there exist w ∈ F (R) such that u = v ⊕ w, then w is called the Hukuhara difference of u and v and it is denoted by u h v. If u h v exists, its α−cuts are
Definition 2.9. The generalized Hukuhara difference of two fuzzy numbers u, v ∈ F (R) is defined as follows
In terms of α-cuts we have
and if the H -difference exists, then u h v = u gH v; the conditions for the existence of w = u gH v ∈ F (R) are
It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number [11] .
Remark 2.10. Throughout the rest of this paper, we assume that u gH v ∈ F (R) and α-cut representation of fuzzy val-
[11] Let t 0 ∈ (a, b) and h be such that t 0 + h ∈ (a, b), then the gH-derivative of a function f : (a, b) → F (R) at t 0 is defined as
If f gH (t 0 ) ∈ F (R) satisfying (2.7) exists, we say that f is generalized Hukuhara differentiable (gH-differentiable for short) at t 0 .
Definition 2.12.
[11] Let f : [a, b] → F (R) and t 0 ∈ (a, b) with f − α (t) and f + α (t) both differentiable at t 0 . We say that
Definition 2.13. The second generalized Hukuhara derivative of a fuzzy function f :
if f gH (t 0 ) ∈ F (R), we say that f gH (t) is generalized Hukuhara derivative at t 0 . Also we say that
Operator-Theoretic Formulation of the Problem
Consider the (1.1) − (1.3) eigenvalue problem. This is not the usual type of eigenvalue problem because the eigenvalue appears in the boundary conditions; so, we cannot put L = − 
Consider the space of two-component fuzzy vectors F ∈ H ,whose first component is a twice gH-differentiable fuzzy function f (t) ∈ F + L 2 ([0, 1] ; R) and whose second component is a fuzzy real number f 1 ∈ F + (R). Here F, f (x) and f 1 are pozitive fuzzy numbers and their α−cut sets are
In this fuzzy Hilbert space we construct the lineer operator A : H → H with domain
f (t), f (t) fuzzy absolutely continuous (see [6] 
Thus the problem (1.1) − (1.3) can be written in the form
. Then the eigenvalues and the eigenfunctions of the problem (1.1) − (1.3) are defined as the eigenvalues and the first components of the corresponding eigenelements of the operator A, respectively.
Solution Method of the Fuzzy Problem
In this section we concern with fuzzy eigenvalues and eigenfunctions of two-Point fuzzy boundary value problems with eigenvalue parameter contained in the boundary condition. To do this, at first we need to use fuzzy derivatives. So here we use gH-difference and gH-derivative to solve fuzzy problem [11] .
be the α−cut representation of the fuzzy function u (t) for all t ∈ [a, b] and α ∈ [0, 1]. If the fuzzy differential equation (1.1) has the nontrivial solutions such that u − α (t, λ ) = 0, u + α (t, λ ) = 0 then λ is eigenvalue of (1.1).
Consider the eigenvalues of the fuzzy boundary value problem (1.1) − (1.3). Using the α−cut sets and
Suppose that the two linearly independent solutions of u + λ u = 0 classic differential equation are u 1 (t, λ ) and u 2 (t, λ ). Using these solutions the general solution of the fuzzy differential equation (4.1) is
where
initial conditions of fuzzy differential equations (4.1). This solution can be expressed as
and we write (4.4) in (4.5) such that
From the determinant of the coefficients matrix of the above linear system, we get C 11 (α, λ ) and C 12 (α, λ ) such that
Substituting this C 11 and C 12 coefficients the above equations in (4.5), the general solution is obtained as
Similarly we find Φ + α (t, λ ) as
α be a solution which is satisfying
and we write (4.8) in (4.9) such that
From the determinant of the coefficients matrix of the above linear system, we get C 21 (α, λ ) and C 22 (α, λ ) such that
Substituting this C 21 and C 22 coefficients the above equations in (4.9), the general solution is obtained as
(4.10)
Similarly we find χ + α (t, λ ) as
Then from (4.6) − (4.7) and (4.10) − (4.11) we find
are the solution of the fuzzy boundary value problem (1.1) − (1.3) and it is show that where
Let Φ (t, λ ) α be the solution which is satisfying
initial condition of fuzzy differential equations (4.12). Then
Similarly let [ χ (t, λ )] α be the solution which is satisfying
initial conditions of fuzzy differential equations (4.12). Then we find 
+ α (t) = [sin (k 1,n t) , sin (k 2,n t)] = (k 1,n ) 2 cos (k 1,n t − k 1,n ) + α k 1,n sin (k 1,n t − k 1,n ) , (k 2,n ) 2 cos (k 2,n t − k 2,n ) + (2 − α) k 2,n sin (k 2,n t − k 2,n ) . 
Conclusion
Eigenvalues and eigenfunctions of the fuzzy boundary problem are introduced and examined by using generalized Hukuhara differentiability concept. In this problem, the eigenvalue parameter is contained in the boundary condition at b. So we define lineer operator in fuzzy Hilbert space. To solve this problem, we use some initial value problems. Then we give a numerical example.
